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simple feedback system of t^o form : 5 aown may by consiaer^ 
to co'isist oC an input Cj^, nn error measuring device A, a transfer 
funct-.on KY(p) where p r ju, an output 9^ nnd a feedback line. 

Let 9^» do = a • Then So “ ^ (KY(p)) "ii-rf(p)j[e^-9o] or 

. It Lac been s.-own (ref. c ) that a transfer 

° ‘ i' ■+ 'KYff J 

^ in 

functi<^n may be reduced to the form Aq+Aj^d -rA^p +.Aj^p 


..D.^p®' 

The transfer functions considered saerein will be of the fonji: 

(A) KHp) K _ 

p(prT 5 

(3) KY(p) = . 

p(prl)<<^' pti; ( 

(G) mi') - -_^ 

p(pM)(cv p+i)T 3 p+i; 


Iheae transfer functions raigat ariiJO as follovts: 


(■) Components (a) synchro transformer I:.ijud/E 

( d) D.C. motor v?ita snunt field control 
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(c) electronic amplifier 


I-!v»ro 6^/^ 
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(3) 




A^otoK 




KYijvi] - - K^K-Kf/Rff 

jw(r jwt 1) ( Tj^ .)«■/• 1} jw( jVffTlTT>' 

^ "irranijlng t'• s in orCur oi si*i<i 

lirgest T-belng T; . 

L«t wT - u , tii«n KY(Ju) - K_____ 

'jvher« cK. - I '*' * o( !• 


l'xpr€ 3 J.. 1 '^n (C} nny be sinilnrly obtained. TLus, i*i ta® following 
' 3 i$cu' 3 f: 1 on oC nnd ^ will «nve anlucs 0 ~ -1; 0 ^ ^ ~ 1. 


Ti.e traneioni res^'ot S6 of s^/stenia f.Rvin^s transfer functions 
of these ferns? may bji' obtained by mears of tue La ri«ce trs-isform. 
Tr.u8 for expression (A); 

^o/^i == ky(p; _ 

If K'l {pi pCpfi; f V, 

For b{ n st^p function end K - 1, 

=’o'-P^ - 


p (T^f pti/ 
wbenco (f'orm 1.304), ref(d). 


= 1 f 


-H 


i- 

dn([3/2 t -y') viiiere y' - tan”^JTr 


.here 1 •.'"go nnm.-er of tr ansient responses * "e re.^uired it 
!■? c jrveniesTt to use t,.s uif fere’^t i*'1 analyser. Tiits problem may 
bo sot xi" ufiiag t..c aprrntcrr p ~ Ci^/Vt, F'or tuts transfer function 
(• } ;:Y(p) ^ _K_ “ • 


‘vUp.^ - 

WPiiT 


pCpfD&jj = kL 

^ -1~®C 


(ii-^ /dt^ f d /dt) c>t, - KF 


i »►, ~ft_ For a constant (A^ /dt'^ f d /dt)^^ - 
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t-en 


- KCCtJ The solution to tli-iis equation 

t^ives (t) v.j.onc© ^ 1 - £7(1) 

For expression (B) Ky(p) ~ K r, 0„/r 

'TT^stnT^Tpfrr* • ° 

C ^ f ^ ^ ‘ j f Vp J ^-3 it/ = 

— Jf-Cvj = pc£LrJ 

oluwior. oi' «**ic*ii j^ives 

<fr (t), whence ~ 1- £^(t) 

For expreaoion (C) Ky(p) r- K __ 

i>( prI7Tt7F^iTT P'*' 1) 

7^-0 __ IS __ 

f i ’^(h't ^ ~i'l3 >) tl) p ‘~f p 

" C'^ i^r' p'V o'x i-f^i-, j p Vp 1 sctj ■-■ ^:ctJ 

whence Q^it) - 1 - £!(«) 

Ab transient response to o step input vtill be c5iscusaedin 
terns of ^ain .anrgin jrvl pi.sse nargin t».ese will oe defined ae: 

(•'0 '>'%in .^.ir<gin: I - | KY(p)| ut tt,© point w..*ere angle of 

•y(>) 6 luais leo®. 

Cb) "hf.so argin: angle of KY(p) difninisi*©d by 160® at the 
point .here 1 KY(p)I =1. 


Tae eervoneci.nnisms conalderec »viil i...K tr-risfor functions 

''') FY(p) - _K_ 

pTpf-1) 

C'’) KY(nJ - K _ 

p(prl,‘' cKp-J-l) 

(0) KY(p) K ___ 

p(pti){o<Pti)( (2. ptl) 








"heir t.rr\ .Blent responues to « stop input vvill be discussed < b 
functions of phase -nargin and t..e relations between gain **na 
pfc se o'vr'rin.'i for verious valuta of (X , (S , a'.d K will be ui.o«n. 

As previously slattjd, tuese aervomeoi. mi sms will uo consiaered 
to be non-linear in ti.>t the effective ei ror signal c nnot exceeo 
one. Tne apiUiwd error sii.nal ■^c \(vi ii je 5, saturated vulv..*: of 

tne error signal <5^will e ^^ual one. Ti^e ofiects of saturntiun un 
trmsiient response are Si.ovvn in uurve A-1. 

To shov. the rolations between and pi.ase nargins ^nd 

transient t'esponse to a stop input it is necesaarj to determine t.ie 
K r«'.jUlrecJ for eaCi. value of g^^in end ph'.se margin considered. This 
is done by solving for tt.e fre'.uency u required to obtain tue 
proper angle of xy(p), then substituting t*.is value in KY(p) to 
•deterr.iae K, 

For expression (P) it Is seen t.nat gain :r. rgin does not 
exist since t...e locas of KY(p) does not cross 160^ axis, t 
trie point at tt’^>.icn p^voae margin im T,o#eured, 
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margin/p - y/ KY(pj - 160 


ajuF^ angle KY(p) ~ -90 - tan 


pi Lass 


- -90 - tan“^u - 180 

- -c70 - tan”^ u or tanfd) r 27o) - -u^ 











































































































































































































































































Expreaalcn (3) 


r'Eosfe lor.^in: KY(p) r- K _- K _ 

p(ptl)(o< ptD j«(: Ju+1) ( Jo< uf 1) 


/^KY(p) - e - -90 - ton"iu ~ >an**^c<u 




- 180 


phase ’margin tD - -90 - tan u( 14- o() 

1 - 

t.an(.P4 h70) ~ “ cot t) =: -u(14.o<) 

1- cKu"' 

cot ® “ o<u'^cot (P - u(lt ■>.') - 0 

u' i yi (li- c<) tan (P - r 0 

o< 

Sub stitution of the various p<*ase Margins !I> and cs,'s 
conaidered And solution for m gives for ti.e desired 

pnase margin, fhen; \ KY(ju^) - 1 - K _j_ i 


u 


K cos 8, cos r 

X ’" . ' 


or X. 


u. 


"1 


coa coa t#- 
i •- 


Vi he re c?, =■ tan ■*■ 

tir, ~ tan ^ o< Vi, 


giv<.is tho value of K for tno deaired rn r^jin I . 

Gain rsargin: 


gain margin - 1- |kY(p) 1 va.ore ^ KY(p) = 


KY(p) - 

-90 

- ten*'- 1 

u - 

5.an“^o< u 

- 180 


■ u h 

tnn~^ 

CN^ U - ~ 

d70 

tan 

U(l% c\) 







1“ e<U^ 

u I r ) r. 

tan 

(-..70) - 

tan 90 r:. <=*o 








therefore 

l-cKu^ - 0 

or 

o< u* - 1 

whence 

tnen 

iii-Cp)' 

i h K.. 




Koos 9. 
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1 “i 



X 

Ui 


- -i.70 




vvnere 


~ tan”^ u. i 9,, "= tan 


C\ 


1- jlCYCjUj^) “ gain margin 


16j° 
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Fxpresaion (C) 


ri»nse nrgln: KY(Ju) s_ k__ 

^u( Ju+i; C jexr u-ti)( J (i Ufl) 


KY<' ju) ~ 9 - ~90 - tan -w‘ n c< u -t?n ^ u 
r f90 ~ u(o^ ^ ^ 


“ -tan 


-1 


u f u( f A ) 


-o<iQu^ 


I- u^CcXjr/^ } 

cot iD a. cot S -ir U 

-"^lP^cK f /3 ; 


0) •=^ e - 180 


wi.ic*i reduces to 


r ^ )cot3P - u( 1 ) •{ cot 0 a 0 

o<: o< ^ 

Solution for u for ^iven values of €»* o<', and ^ gives 


.'nen* since |xY(ju)|- 1 at u - u 
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Wi.ere 


cos -O- cos B-! 

X c U 


e. 


Jl 


- taai”^ 


9-^ 

- tan”^ 


•* / 

r^in .’.argin: Previously, cot r uC 1-u*'^) j uC'K'f/S) 

1- u*^ - u‘^( - ) 

1- t 0Cf f2, ) 

•t / nY(p; 2 ISO cct 0) :i c>o, tiaorefore - 


cx/3 -f ■=>< /*/2 


lu_ -u 


, Tucn, Js for (3) 


v] t^-*~!3 

J-(^5ain narKi i) 2 ''''Y(o.) 


- i. coa ®3 


w .&re 6| 


- tpn_, ^ u 
f7^ - t».n *• ^ uf 




















P’or exjreaciona (B) £»nd (0) values of oc of 0.1 t^rcugii 1.0, snu 
(3 of 0.1 turough 1.0 and ph ise marcinc of 15®, 30®, 45®, 60®, and 
75® arc consiooreJ, (/'urvue of constant p; nse raargin as a function 
of o<f V!}. K ara given for (3) and of (3 vs. K for values ot Ox^ -.1,.4, 
and .6 for (C). (Ourvec B-l, C-1 through 0-4) i/apc ri fl,->oi.9d tuero- 
upon «rc cr.rvrs of constant gain margins. These curves siiow t*.e 
relation betwoen gain and pi. aSc (aarj*inc. for the tr^nofer functions 
consicered, T;.e lo'.v values cf 1C associ>»ted with -in uncon»pen:;ated 
systoHi are evident. 


TRAN3IEN1 fiF.S-'OIa S3 

Of princlpni interest ‘n tae transient response to a step 
input of most sorvornacdanisr:;s arc the r.fnount cf ov.ir^co. t '-u'- 
and ti.e time Y required for the output of tne sj'Btem to arrive at 
or sufficiently ficar to the value of the input. Herein, tl'ae V 
»ill be the time required for tiie output of the system to arrive 
nt ono-tent.-i ox’ tho saturatuon value of t.-e errvr signal. Since 



acre ipnii ia-antly uitn t..rre largin tr^r 'aL'aicC, For pi^.ase margins 
of 45^' ::.nd t J® "d" is essential .j independent of o< between oC~ •! 
and - 1.0 

ourve B-3 shoes time to rce.cu 1/10 saturation vaiuo of 

error signal an a function of c< for various phase rnart^ins fur t.-e 

-3- 
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20 oirTzacN graph a £R 






































































































































































































































































































































































































































































































































































































































































servo of expression (3). 7x;ere Is eviciently an optimum value of 
phase margin when Tia consiciered. Hero a pnase margin of 45® 
gives better response chara*-".ceristios tii-an does 3C® or 60®, The 
servo is overu Maped for phase mnrt;:in of 75'\ From this curve it 
appears th'jt is dependent upon C<',out for p».-.s<. margins of 
30® - 80®, it is GSPe- tially indept i«ent of pj ose margin. 

From Gurvf 53-2 t:en, tn*xinjum overshoot d uaj by oesociated 
wiU. p.^ase m-irgin while frc n Oarve 3-3 time T l ot t ,k- servo to 
settle fro-'i it'i tra‘ oient ir ^y be associated wituc< for veiues of 
phase margin of i!Jp''cn':i!nr te iy «'5® - 60®. 

Curve S~4 shows maximum overs .cot d as ^ function of K for 
valuts of pi.ese mvr_;in 0 - 30 |^, 45 ®, 60 ®. hs v»oul<i oo expected 

from ti.e similarity of tsie ohtfio m''-rgiii and maximi^a ovarsuoot d 
curve c Versus '5>< and K, tliir curve is almost n straight line. 


Curve 0-5 suews .noximi m overshoot d for tna various values 
of phise margin ard [S wi.er< of - 0.1, 0.4. 0.8 in the servo of 
exprosoion (C). !<cre d is essentially Independent of botho(and^ 
but ' function cf 0. This tendency was also shown in Curve 3-2 for 
exi^j ion (B). Here eg - in d may be naiojclateO with phase margin. 

Curves w-6 through o-0 oi-ow a function ol /^lor 

- 0.1,C.' ,0.e . 7” is '/lir: * «;''*ntiaily indoptndf't of phase 


n.-igl 1j our,), i.n opuir-iUiu v .1^.0 cf O' - CO® .U i'-uic'-tci, for v-lucs 
cf (^J^0.'.‘' iocressej. \vith|^ for a givog pht ae margin in a 


neorl/ linear fi 3 ».ion. 
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In Curve C-9 'f'is plotted vs.fiforoC- 0.1,0.4, 0.8 . Pnoae 
margin was 45^ In all cases. A dependence upon the values of boU. 
c>< and pis seen. This dependence was similarly noted in t..e servo 
having the transfer function of expression (D). 
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in t&e servo of expression (A) gives a response different from 
that obtained in Run B-9 where a phase raargi'-' of 30° w-,s also used. 
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The value of puase margin and of gain -nargin as design 
criteria is liiuited in tt,cy each ops^cify only ono point on 

h.Q transfer function locus, .nile useful in the discussion of 
a sorvoraechanisra, t^.eir usefulness in synLhssit of transfer 

functions must be augmented by more powerful ractheds, s for 
exariole the Lci and Ang vs log u* Lm-Ang, KY”^, and constant uu 
constjmt M methods of ref (a). 
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Appendix (1) 


'■:c: 


'Uw-J, 


- output, ‘wontrullod .quantity 

- input, cuinmfinci ^^unntity 
a - orror, error siRnei 

tf> " v«luc of error si.vnal ot "hicn syfjtei.'! fiaTAiratea 

- input error irlgnal, &j_ - 

” ~ const.? it 

\T(p' ~ tmn.ofer function 

Cp) - oper'itoi: p “ Ju in Lapidce rjotatio'"^, p = d /cH in 

differential notation, 

r* - ti Tje reuiired for trains lent to settle to £c/IQ 
d • fBOKi'nuTi overshoot of tra- sient re.sponsc 
u - d j'•iensionleoi. frepucncy, u - vv 7^. 


I - jsnit of tiine 

~ i ;rtiest ti..:e ccnetcnt ..f transfer i\,r.cilon 
,X- - soco io. lar^cet ti:..e oonntnnt of trcncfej* function 
= coro'- .nt, 

P " oorxEtnnt, <^ / P” 
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